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CHAPTER-I
INTRODUCTION

The p-adic numbers were discovered by German Mathematician Kurt
Hensel around the end of nineteenth century. About a century later, the
theory of p-adic numbers has penetrated into several areas of mathematics
including number theory, Algebraic geometry, Algebraic Topology and Anal-
ysis.

» After 1980s, many scientists recognized the importance of p-adic num-
bers and many researches studied on p-adic numbers and its various appli-
cations in their works (Arefeva et al., 1991; Rozikov 1998; Khrennikov 1997,
2003 and 2004; Ganikhodjaev and Rozikoiv 2009).

» Recently, The Hensel codes and properties of p-adic numbers are keeping
its importance to attract the mathematicians and many other scientists with
its applications in various areas.

» In the present Review paper, to take the awareness of the mathemati-
cians on p-adic numbers and its importance, I will use resources mentioned
above and then I will give some fundamental notions, theorems and proper-
ties of the p-adic numbers. Furthermore, how to construct p-adic numbers
field ), and some comparisons with real numbers is another issue the present

paper deals with.



In what follows, we examine these two aspects in detail.
In this project,

Chapter 1, just speak to introduction to p-adic numbers.
Chapter 2, Some Definitions and Theorems.

Chapter 3, p-adic Numbers.

Chapter 4, conclusion



CHAPTER-II
PRILIMINARIES

Now, that we have a norm defined, we can work towards defining the
p-adic norm. As it is known that real numbers R and p-adic numbers @,
are obtained by the completion of rational numbers Q. Each of these num-
bers determine the distance between a point on the number line and origin.
Fuclidean norm states the distance between origin and a point on the real
number line with the absolute value at infinity, (|.|s). In the usual absolute
value (|.|s), if we take any prime number p instead of infinity then we call
this absolute value "p-adic norm” and denoted by |.|,. Most useful and im-
portant of the p-adic metric is ”it satisfies the strong triangle inequality.”
la + B, < |af, + |B],, which is also called non-Archimedean. This metric
provided the second type of the completion of rational numbers that is called
p-adic numbers field @Q,,.

Following proposition is very simple but it is very useful.
Basic Definitions and Theorems

Definition:2.1

Let p be any prime number. For any non-zero integer «, let ordpa be the

highest power p which divides «,
(i.e) The greatest m such that o =0(mod p™).

Recall that a = b(mod p) = p|(a — D).



Example

1. ords(54)
54 = 33 x 2
Highest power of 3 which divides 54 is 3.

c.ords(54) =3

2. ordy(97)
Here, 97 is a prime number.

coordy(97) =0
Note:2.2
If o = 0 then ord,a = oo.
Note:2.3

These behave in similiar fashion to logarithms:

(i) ord,(af) = ord,(a) + ord,(B)

(ii) ordp(g) = ordy(a) — ord,(B)
Proof:

(i) Let a = p"qu, (p,q1)=1, then ord,(a) = =.
Let 5 = pYqq, (p,q2)=1, then ord,(3) = y.
Now, aff = (p"q1)(1"q2) = 1" q1q2, (P, 1) =1
af =p"aqg
coordy(af) =x+y
= ordy(a) + ordy,(f)



= ordy(a) + ord,(B)

. a  p'q Yy
(ii)) Now, B = px—q2 =p"Yqq, !

ordp(%) =x—y
= ordy(a) — ord,(B)

ordp(%) = ordy(a) — ordy(B)

Examples for properties
1. ords(%) = ords(7) — ords(9) = 0 — 2 = —2.
2. ords;(—0.0625) = —0.0625 = 22>
—> ords;(—0.0625) = ords;(—625) — ords(10000)
=4-4

=0
Definition:2.4

Let p be a prime. For non-zero o € Q we define

], : Q — RT U {0}, by

1
pordp o

if  #0

o, =

0 ifa=0

We call this map the p — adic absolute value or p — adic norm



Examples:2.5

1. 1250}
1
~ pords(250)
1
=5 (Since ords(250) = 3)
B 1
125
- [250], = —
e 5125
2. [10°],
1
~ Jords(10%)

Now, ordz(10%) = 9(ord3(10))

1
oYy = =1

1
Jords(9!)

Now,  ordy(9!) = ords((9)(8)(7)(6)(5)(4)(3)(2)(1))

3. 191, =

= ord3(9) + ords(8) + ords(7) + ords(6) + ords(5) +
ords(4) + ords(3) + ords(2) 4 ords(1).

=2+0+0+14+0+0+1+0+0.
= 4.



Proposition :2.6

The p — adic absolute value |.| is a norm on Q.
L Jal,=0 < a=0.
2. |af], = lal,. 16,
3. Ja+ 8, < lal, + 18],
Proof

1. Assume that |a|, = 0.

1

pordp «

=0 = prho = .

Here p is finite but p” % is oco.

The only possible value of « is 0.

= poh = pordh0 = p* = oo, (since ord,(0) = o).
o =0.

Conversely, Assume that a = 0.

1 1
0], = P R 0. (Since ord,(0) = c0)
o], =0
1
2. ‘Oéﬁ’p - pordp(aﬁ)
B 1
pordpa—i—ordpﬁ
B 1
pordpa ‘pordpﬁ
1 1

pordpa 'pordpﬁ

= |al, - 161,



-~ Jad, = lal, 161,

Ifa=0o0r f=0o0r a+ =0 then it is trivial.

Assume that «, £, and a + 3 are all non-zero.

and = 5. Then a + 8 = ad+bc'

Let a =
et a ™

a
b

o+l = e

ad + bc
bd

= ordy(ad + be) — ord,(bd)

Now, ord,(a+ ) = ord,

= ordy(ad + be) — [ord,(b) + ord,(d)]

> min (ordyad, ord,bc) — ordy,b — ord,d

= min(ordy,a + ordyd, ord,b + ord,c) — ord,b — ord,d.

= min(ordy(a) — ordy(b), ord,(c) — ordy(d))

= min(ordya, ord,f3).
a8l = PO+ < g (p=orde | prordB),

= maz(|al,,[5],)
and this is < |a|, + 8],

Definition:2.7

Let p be a prime. A p — adic Metric is a non-empty set Q together with
a function dj, : Q x Q — R" U {0} defined by,

dyp(e, B) = v = B3],



Examples:2.8

l.a=1,8=26,p=3.

(i.€) |1 —26|3 (i.e. 3-adic "distance” between 1 and 26)
1
Jords(—25)

Since ordz(—25) = 0.

g |—25|3:

1
=2l = 5 =1

2.a=1,0=26,p =00 (i.e) |1 —26|c = | — 25|oc = 25. (Since ||«

denotes the Usual absolute value.)

3 |
p
Now, 56530 NG )((72))(( ; - EEEHmHA
% 2 = 2% 2. (since ordy(23) = —1)
% 3 — % = % (since ords(Z;) = 2)
% 5 = % = 25. (since ords(25) = —2)
% 7 = % = % (since ords (&) = 1)
% § — % = 11. (since ordy(35) = —1) % 13 - %30 -

(since ordi3(2%) = 0)



Nelld

63 25

= 9
p

=

11

Definition:2.9

A norm is called non — Archimedean

if ||+ B < mazx (||, ]]8]]) always holds.

if p=2

iftp=3
ifp=>5
itp="7
if p=11
if p>13

A metric is called non — Archimedean if d(«, 5) < max(d(a,7), d(v, B)).

This is the Stronger Property. In the proof above we showed that |a + (3 \p

< |af, + 18], Thus, |.|, is a non-Archimedean norm on Q.

Definition:2.10

A norm (or) metric which is not non-Archimedean is called Archimedean.

An example of an Archimedean norm on Q is the ordinary absolute value.

Definition:2.11

Let F be a field with an absolute value | |p. Let a € F be an element and

r € R be a real number. The open ball of radius r and center a is the set

B(a,r) = {x €F:dy(zr,a) < r} =

{reF:|z—al, < r}

The closed ball of radius r and center a is the set

B= {xeF:dy(z,a)< r} = {z€F:|z—a|, < r}

10



Definition:2.12

Cauchy sequence
Let S be the set of sequences {o;} of rational numbers such that given
e > 0, there exists an M such that |a; — ajf, < e if both 4,5 > M.

we call two such cauchy sequence {a;} and {f;} equivalent if

la; — Bil, = 0 as n — oo.
Proposition:2.13
In an non-Archimedean norm, All "triangles” are isosceles.

Proof:

Let x,y and z be three elements of our space ( the vertices of our ”trian-
gle”).
The lengths of the sides of the "triangle” are the three distances d(z,y) =
[z —yl, d(y,2) = |y — 2| and d(z, 2) = [z — 2|.

Now, of course,
(z—y)+y—2) = (z—2)
so that we can invoke the proposition to show that if |z — y| # |y — z|, then

|z — z| is equal to the bigger of the two.

In either case, two of the ”sides” are equal.
Lemma:2.14

Let IF be a field with an absolute value | |,. The following are equivalent:
i). lim, 00 T, = a.
ii). Any open set containing a also contains all but finitely many of the x,,.

11



Proof:

Assume Any open set containing a also contains all but finitely many of
the xz,,.

Since an open ball B(a, € ) centered at a is an open set, all but finitely
many z,, will be in the open ball, and so there is an N such that n > N

implies |z —a| < e,
T, = a.

Conversely, suppose x,, — a and let U be an open set containing a.
Since U is open there exists an r such that B(a,r) C U. Therefore there
is an N such that |z —a| < rforalln > N.

Hence for all but finitely many n we have z,, € B(a,r) C U.
Theorem:2.15 (Ostrowski)

Every non-trivial absolute value on Q is equivalent to one of the absolute

values |.| , where either p is a prime number or p = oo.
Proof:

Let | | be a non-trivial absolute value on Q. We will consider the possible
cases.

a). Suppose, first that | | is archimedean. We want to show that it is
equivalent to the "usual” (co — adic) absolute value.

Let my be the least positive integer for which |my| > 1.

Now of course we can find a positive real number A so that

Imo| = my.

12



We claim that this A will do, that is, that it will realize the equivalence
between | | and | |

This means that we want to prove that for every x € Q) we have |z| =

A

2]

Given the known properties of absolute values, this will follow if we know

it for positive integers, that is, if we show that |m| = m” for any positive
integer n,
We know that the equality holds for m = my. To prove it in general, we

use a little trick. Take an arbitrary integer m, and write ”in base my”, (i.e),

in the form
m = ag-+ aymg -+ agm% + ..+ akmlg,

with 0 < a; < mg—1 and a; # 0. Notice that k is determined by the

inequality mf <m < m’é“, which says that

_ | log m
k= \‘log mOJ
Where |z denotes the "floor” of x, that is, the largest integer that is less

than or equal to x. Now take absolute values. We get

im| = ‘ao + armg + agm3 + ... + akmlg‘

<lao| + |ar|m} + ... + |ar|m.

Since we chose mg to be the smallest integer whose absolute value was
greater than 1, we know that |a;| < 1, so we get

im| < 1T+m)+ .. +mf = mE (1+mg* + ... +my™)

13



If we set C' = ";8 . We can read this as saying that
my—1

Im| < Cmfr < Cm?.

Now, we use a drity trick.This formula applies for even m; Applying it to

N

an integer of the form m" we get

‘ m | < O'mPNA
Taking N-th roots, we get
im| < ¥VCm?

Since any N will do, we can let N — oo, Which makes ¥/C' — 1, and so gives
an inequality: |m| < m?. This is half of what we want.
Now we need to show the inequality in the opposite direction. For that,

we go back to the expression in base my
m = ap+ aymo + agm% S T akmlg.

Since m{ ™

> m > mf, we get

m(()k-‘rl)/\ _ ‘m]6;+1‘

14



= |m+m{™ —m)|

< |m| + [m§™ — ml,

where we have made use of the inequality proved in the paragraph.

Now since m > mf, it follows that

A
= mékH)A (1 — (1 — i) )
mo
(k-+1)A
— Clmo
> C'm?,
and once again ¢’ = 1 — (1 — 1/my)" does not depend on n and is
positive.

Using precisely the same trick as before, we get reverse inequality |m| > m?,
and hence |m| = m?. This proves that | | is equivalent to the "usual” absolute
value | |, as claimed.

b). Now, suppose | | is non-archimedean.

Then, as we have shown, we have |m| < 1 for every integer m.

Since | | is non-trivial, there must exist a smallest integer mg such that
Imo| < 1.

The first thing to see is that my must be a prime number. To see why,

suppose that my = a.b with a and b both smaller than mgy. Then, by our

15



choice for my, we would have |a| = [b] = 1 and |ab] = |mg| < 1,
which cannot be. Thus, my is prime, so let’s call it by a prime-like name; set
p = my.

Now, of course, we want to show that | | is equivalent to the p-adic absolute
value, where p is this particular prime,

The next step is to show that if m € Z is not divisible by p, then |m| = 1.

This is not too hard. If we divide m by p we will have a remainder, so

that we can write
m = rp + S

with 0 < s < p. By the minimality of p, we have |s| = 1.

We also have |rp| < 1, because |r <1 (because | | is non-Archimedean)
and |p| < 1 (by construction).

Since | | is non-archimedean, it follows that |m| = 1.

Finally, given any n € Z, write it as m = p°%P so that, | | is equivalent
to the p-adic absolute value, as claimed.

Norm is equivalent to | |,, this concludes the proof of Ostrowski’s theorem.
Proposition:2.16

If lim,, oo 2" = 0 then |x\p < 1.
Proof

Let |z|, < 1.
Then, lim, ,« [2"], =0 (since |z"], = |z]})

(i.e). lim, o 2" = 0.

16



Let us assume that [z], > 1.

Hence we get |2"| > 1for all positive n

"|
p
So, it shows that lim,, ,, 2™ # 0.

o This is a =<= with lim,_, 2" = 0.

.. Then we Conclude that the proposition holds.
Proposition:2.17

The followings are equivalent
(i). The norm |[.|, is non-Archimedean.

(ii). |n], <1 for all n € Z.
Proof

(i) = (i)

Now, we use induction on n.
Let n =1 then |1 =1 <1.
Let k =n —1, then [k], < 1.
Let us show that [n|, < 1. We can easily get that, [n[, = |n +1—1],
[(n—1)+ 1|, < max (|n —1,, \l\p)

= 1.

Since [n — 1], = [k|, < 1 and [1], = 1.
. forall n € N, We get [n[, < 1.
Foralln € Z, |n|, <1 (since |—n|,=[n],)
(i) = (i)

[z +yl, = |z +y)"],

17



_ k. n—k|"—Fk
= | nCraty !

k —k
< ko InCrl, 2], 1yl

k n—k
< > k=0nlz|, [yl

< (n+1) {max <‘x‘p’ |y‘P>}

Then for all n € Z, we obtain that |z +y|, < {/n + lmaz <\x]p : |y\p>

Hence as n — oo, |z + y\p < max (\x‘p ’ |y‘p>

Since lim,, o vVn+1 =1.

Proposition:2.18

Let F' be a non-Archimedean field. For all a,x € F', if the inequality

|z —al|| < |[|a|| holds then ||z|| = ||all.
Proof

From the strong triangle, we get ||z|| = ||lz—a+al| < max (||x — al|, ||a]|) =
[lal].

On the other hand, it becomes ||a|| = ||a — x + x|| < max (||z — d|, ||z]]).

It [z —al[ > [lz|| then [|a]| < {|z — al|.
This contradicts with the conditions ||z — al| < ||a]|.
.. it becomes ||z — al| < ||z|| and ||a|| < ||z

Thus [[z]| = ||al].

18



Note:2.19

We can express the proposition above as follows:
Let a, b € F and ||.|| is a non-Archimedean norm on the field F'.

Therefore
la[| = [[bl]] = [la+bl] = [lall
Proposition:2.20

Two equivalent norms on a field F' are either both non-Archimedean or

both Archimedean.
Proof:

Let ||.||1 and |[|.||2 be any two equivalent norms.

If |[.|li = |].]|]2 then ||z|[; > 1 and ||x||2 > 1 for any integer x.

Claim: ||.||1 [|-||2 are either both non-Archimedean or both Archimedean.

To prove this, Let us assume that ||z||; > 1 and ||z|]; < 1.

co|l2™lr = 0 and ||2"|]s — 0 as n — oc.

This show that the sequence (z") is a cauchy sequence due to ||.||; but not
cauchy due to ||.||o.

Which is a contradiction to equivalence of the norms.

Hence, Any norm is either Archimedean or non-Archimedean.

.. Two equivalent norms on a field F' are either both non-Archimedean or

both Archimedean.
Proposition:2.21

If p; and ps are different primes then [.|, is not equivalent to |.| .

19



Proof:

Let p1 # p2 be prime numbers and ||, and [.|, be any two norms.

n
Let (x,) = <ﬂ> be a sequence.
D2

Claim: |.|, is not equivalent to |.| .
Pt
|xn|p1 - p_g o
B 1
ord pZ
Py pl( 2)
Now, ord,, (g—g) = ord,, (p}) — ordy, (p§)
=n — 0
=n
ord,, <p—§> =n
3 1 _
p2 D1 pl
|[Znl,, =p1" — 0asn — oo
12, pY 1
X — |~ — n
Nlpy pg . p;rdm(%)
Now, ord, (p—;) = ord,, (p}) ord,, (p§)
=0 -n
= —n

20



pr
c.oordy, (p_g = —n.

D

—
Db

D2 D

- |@al,, = Py — 00 as n — oco.
n
Actually for a sequence (z,) = (]ﬂ> ,
P2

|[Znl,, — 0 but |z,[, — oco.

Hence, These norms are different.

. |.],, is not equivalent to |.|, .

21



CHAPTER-III

p - ADIC NUMBERS

In this section we are going to review some important properties of the
field of p-adic numbers. Now, we are ready to define the p-adic numbers field
()p. Let p be a prime number then we define (), respect to the norm as a

completion of rational numbers . We can expand p-adic norm to the p-adic

field Q.

(i.e) Q C Q. For all x € Q;
Let g : 2 €@Qp—=|lzllp, f : € Q— f(z) and g(x) = f(z) then g
is called the expansion of f to the p-adic field @), and p-adic normed space

(Qp , | - |p) is complete.

(), is called p-adic numbers field. Elements of @), are equivalence classes

of cauchy sequences respect to p-adic norm.
Definition:3.1
Let p be the prime. The p — adic numbers are series of the form,

Xfmp_m + Xfm+1p_m+1 + ..+ X() -+ le + X2p2 4 ...

where x; € {0,1,2,...p — 1} The set of p-adic numbers is denoted by @,.

Example:

\/§€Q7
Here X; ={0,1,2,3,4,5,6} and p = 7

. T-adic expansion of v/2 is,

22



V2= 3417427 4+674+1.7"+ ...
Definition:3.2

A p-adic number o € (), is said to be a p — adic integer if this expansion
contains only non negative power of p.

The set of p-adic integers is denoted by Z,. we have
Z,={aeQ,:|a, <1}
Example:

Here X; = {0,1} and p = 2

.. 2-adic expansion of 5 is,
5=1+1.2°

2. 35 in Qs
Here X; = {0,1,2} and p =3

.. 3-adic expansion of 35 is,
35 =2+23+0.3% + 1.3%.

Definition:3.3

A p-adic integer o € Z), is said to be p — adi unit if this expansion whose

first digit is non-zero. The set of p-adic unit is denoted by Z;.

(ie) Z: ={a € Z,:|al, =1}

23



Example:

| — 13.23],,

| — 1323|11 = 110rd1(~13.23)
= 175 (since ordy1(—13.23) = 0)
= 1.

S| = 1323 = 1.

Completion of Q

Completing Q a different way:

Q is not complete with respect to p-adic metric d, (o, ) = [a — ],
Example:
Let p = 7. The infinite sum
1+ 74+ T +7+ ...
is certainly not element of Q but sequence.
L, 147, 14+7T+7 14+7+7+7, ..
is a cauchy sequence with respect to the 7 — adic metric.

Completion of Q by |z — y|, gives the field @),: The field of p-adic

number.
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Definition:3.4

The field of p-adic numbers (), is a completion of () with respect to the
p-adic metric induced by | . |.

we define the set (), to be the set of equivalent classes of cauchy sequences.
Theorem:3.5
The field of p — adic numbers, (), is complete with respect to | . |,.

Proof:

Suppose we have a cauchy sequence {a,} in @)p. Then given an € > 0,
there exists an N such that |o; — ozj]p < ewheni,j > N. Now, let e = 1/p*,

then since {a} is cauchy, then |o; — ayf, <1/ p* which implies,

1/pordp(aifaj) < 1/pk
— pordp(aifaj) > pk

= ordy (o —a;) > k.

But this implies that the first & terms of o; and «; are the same, and this is the
same as making the sequence terms arbitrarily close to some p—adic number.

So any sequence in ), that is cauchy with respect to |.| , Will converge. Thus,

the field @), is Complete.
Lemma:3.6

Let a € {0,1,2,....p' — 1}, If z € Q and 2], <1 then for all ¢ there exists

only one a € Z that the inequality | — 2], < p~" holds.
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Proof:

Let z = ¢ where (a,b) = 1.
Since \x\p < 1, p does not divide b, p’ are relatively prime. Hence, there
exists any two integers m,n that mb + np’ = 1(mod p) holds.

Let a = a.m, then we get

a
o — x|, = ‘am—gp
a
= ’gp‘mb — 1‘]?
<|mb— 1|,
= |np',
= [n[,p™"
<p.

Finally, impending |o — az\p < p~*, we can add a multiple of p’ to «, to
obtain an integer between 0 and p' and still the inequality |o — z], < p

holds.
Theorem:3.7

In @,, there exists one only one (a;) Cauchy sequence presentation that

satisfies the following conditions:
i)0<o<p—1,0,€Z fori=123,..,
ii). a; = 41 (mod p'), for all i =1,2,3, ..
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For each equivalence class of a which holds the inequality, |af, < 1.

Proof:

Let (B;) be a cauchy sequence that shows the equivalence class of «.

Here our aim is finding a sequence («;) which satisfies (i) and (ii) and
equivalent to the sequence (;).

We can ignore initial terms of sequence since [8;], — |af, <1 as i — oc.

Let 8], <1for alliand |5 — B[, < p 7, for all 7,7' > N (j) holds for all
j=1,2,3,..., N (j) positive integer.

Let us take the sequence N(j) be increasing respect to j.

Hence N(j) > j. From previous lemma, for 0 < a; < p/, we can find the
integers «a; as ‘ozj — BN(j)’p < ]%

In order let us show o = ;41 (mod p?) and (8;) ~ («;).

First claim; since

|O(j+1 — Oéj|p = |C¥j+1 - ﬁN(jJrl) + ﬁN(]Jrl) - BN(J) - (aj o BN(])) ’p
< max (\ajH = Bngenl, s [=Brgn + Bugen), » |y — 5N(j)\p>

< 1 1 1
> maxr F?E?E

1
t

then we obtain a; = 1 (mod p’).

To prove the second claim, let us take a j. For all i > N (j); We can obtain,
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i = Bjl, = |ei — aj +a; = By — (B — Byyy) |,

a; = Byl 1B — Brg) ’p>

< max (\ozi —ajl,,

<1 1 1)
Smaa} —, T,
popp

p7

- |ai = Bil, = 0, as @ — oo. This proves the equivalency (5;) ~ («;).
Now let us prove the uniqueness :

Let us take a sequence (), and a;, # a;, for some 4.

Then, a;, # o (mod p™) since 0 < o, o) < p”. Therefore from (ii), for
i > g, we obtain a; = oy, # o) = o (mod p').

(i.e). i, # ), (mod p').

This concludes that |o; — o], > Z% for all ¢ > .

Hence, this proves that the sequences (o), («}) are not congruent.

Every o € Qp can be represented as a = Xy + Xip+ ... + X;_1p' ! where

X; €{0,1,2,..,p — 1}. And this representation is called the canonic form of

a and it is unique.

Theorem:3.8

A series converges in (), iff its terms approach zero.

Proof:

Suppose that {a;} is a sequence in @), such that \ai\p — 0 as i — oc.

Then the partial sums S,, = ag+ a1 + ... + «,, are Cauchy since for n > m:
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|Sn = S, = |ms1 + .. + anl, < maz (]ozmH\p s \ap|p>

Which goes to zero and both n, m — oo. Since (), is complete this implies
convergence.

Now, suppose we have a series that converges in (),, then it is Cauchy.

Given an € > 0 there exists an IV such that for n,m > N, [S, — Sy, <e.

In particular [Sy41 — Sul, = |1, < e

Thus as n — oo, the terms approach zero.

Hence the Proof.
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CHAPTER-IV
Solved Problems on @),
Problem:4.1
Let us try with n = 6 and p =7 (i.e., V6 in Q5?).
Solution:

First, we want to find Xy, X1, Xs...,, 0 < X; <4
such that (Xo + (X1 x 5) + (Xa x 5%) +...)2 =1+ (1 x 5).

Comparing the coefficients of 5°,
X2 =1 (mod 5).

The above congruent has 5 possibles like 0,1,2,3,4.
But the solutions are Xy =1 or 4.

Take Xy = 1.

comparing the coefficient of 5 on both sides,

2X; x 5 =1 x 5( mod 5%
2X1 = 1( mod 5)

The above congruent has 5 possible like 0, 1,2, 3, 4.
Hence X7 = 3. Which implies

1+ (1x5)=(1+3x%x5)+ (Xg x5 +...)>
=1+ (1 x5)+ (2X5 x 5?)(mod 5°)

Comparing the coefficients of 5% on both sides,
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2X5 = 0(mod 5)

Hence Xo = 0

Proceeding like this,
V6 =1+ (3 x5)+(0x5%) + (4 x5+ ...
Problem:4.2
X?2-2=01n Q7 (i.e., v/2in Q).
Solution

(Xo+ X017+ X074 ..) = 24074072+ ..
2 2 2 k
(Xo+ X017+ X7+ ..) =2 = X2 =2(mod 7)

When k=1, X2 =2(mod 7)
There are two solutions Xy = 3 and X, = 4.
Choosing X, = 3.
When k=2, Any solution X to the congruence mod 72 must also a solution
mod 7,
Hence of the form, X, =X,+7Y — X;=3+7Y
satisfies, X? = 2(mod 7?)
— (3+7Y)% = 2(mod 7?)
= 9+49Y? +42Y — 2 = 0(mod 7%)
— 7(7Y?+6Y + 1) = 0(mod 7?)
—> 6Y +1=0(mod 7).
The above congruent has unique solution, ¥ = 1.
X1=34+7x1=10 = .. X; = 10.
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Hence of the form, Xo=X;+7Y — X;=104+7Y
satisfies, X2 = 2(mod 73)

= (10 + 7Y)% = 2(mod 7°)

= 100 + 49Y2 + 140Y — 2 = 0(mod 73)

= 49Y? + 140Y + 98 = 0(mod 7°)

= T7(7Y%+20Y + 14) = 0(mod 7°)

= (TY? +20Y + 14) = 0(mod 7%)

— 20Y = 0(mod 7?)

The above congruent has unique solution, ¥ = 14.

Xy =104 14(7) = 10 + 98 = 108 = . X, = 108.

X1=10 = 3+ 1.7
Xo= 108 = 3+ (1.7) + (2.7%).
In general formula, X1 = X? + Xy — 2(mod 7F1)

SV2=3+17)+ 27+ (6.7%) + (L.7TY) + ...
Problem:4.3
Compute % in Qs
Solution

From definition 5% = 1(mod 7),

(5°—1)

= 2232
7
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-1 2232
7 1—56

—

2+ (1.5) + (4.5%) + (2.5%) + (3.5%)
1 — 50

—
= 21423(1 + 55 + 512 + .....)
= 214230214230214230...

Hence % = 330214230214230214...

Which is a way of writing 3 + 3.5 + 0.5% + ...

1
Lz = 3+35'+052+....€Qs.
Problem:4.4
What about n =3 and p =77

Solution:

(Xo+ X074+ X072 +..) = 34074072+ ...
(Xo+ X174+ X 72 +...) =3

X2 = 3(mod 7)
12=1,22=4,3=9=242=16=2,5>=25=4,6 =36 = 1(mod 7)

As you can see no squares are equivalent to 3(mod 7), so X 2 3(mod 7),
which implies v/3 ¢ Q.
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CHAPTER-V
CONCLUSION

In the present project focuses on the p — adic numbers, some of the prop-
erties of them and we gave the definition of the p — adic numbers field and
some of its important analysis with proofs.

According to the results obtained in the section, we obtain the following con-

clusions:

1. In an non-Archimedean norm, All ”triangles” are isosceles.

2. If py and p, are different primes then [.[, is not equivalent to [.[, .
3. A series converges in (), iff its terms approach zero.

4. @, is Complete.

5. V6 in Q5.

6. V2 in Q).

7. % in Qs

8. V3¢ Q;

Moreover, we showed some analogy between real numbers and p — adic

numbers and some important differences such as non-Archimedean.
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